
# ) so(4) - bundles are isomorphic
⇔

Wzip, , e agree

exercise : prove the above

I)
"

easy
"

III
"

easy ish
"

#-)
,
E) harder

B. Characteristic classes

another
way to think of Stifel

-Whitney classes
The 5 :

3- a unique function

Wi : Vector )→ Hilmi 2-a) FM

satisfying
1) W
;
(f-

*E) = f-
*

Wi (E) b-f :M→N

2) Wo / E) = 1 , wj (E)
= 0 Vi > fiber dine

3) W (E
,
E) = W CE,) u w /E-2)

where WIE;) = It W, CE;) + wzlEi)+ . .
.

4) w
, 18*0 where I. is the universal line

bundle over IRP
"

for 3) E, ⊕ Ez is called the direct sum of

Ei and Ez and has fiber the direct sum

of the fibers of E, and Ez



formally it is defined as follows

given IR
"
→ E, and 1Rm→ Ez

th th
we clearly get

IR
"

✗ IRM → E, ✗ F-a
↓

MXN

it M=N and D : M→MXM : in↳ Cm
,
m)

then EF Ez = (E
, ✗ E- e)

exercise : it { 4 } is a cover of M giving
local trivializations of E. and Ez with

transition functions {I
,
} and {Tip }

then the transition functions for

E
,
⊕ Er are

Ip⊕ Ij :41 Up → bllntm; IR)

✗↳µ '" °

)0 Taj Cx)
for 4) recall 8n= { Hr) c- MP

"

✗ IR
"'

: rel}

exercise : rn is a line bundle over IRP "

4) ⇒ wild ) generates H'(RP
"

;%) for all n



note : IRP
'

↳ IRP
'

→
. . .
→ IRP

"

let IRP
'

= his IRP
"

= U IRP
"

n n

we alsoget 8 over IRP
✗ and 4) ⇒ w, 181=10

exercise :

1) using i
: IRP

"

→ IRP
"

we have

itXm)=8n

so if we 18.1 ≠ 0 then true V- Vn

2) show IRP
'

= s
'

and 8
,
= infinite Mobius

band
IR→8

,

↓ is non -orientable

s
' bundle

so from above w
,
18
,
) ≠ 0

hole : We have already shown Wi satisfies D.4,4)

so to prove theorem just need 3) & uniqueness
before we do this let's consider some consequences !

easy consequences :

1) if E, and Ez are isomorphic then
WilE.) = Wj (Ez) ti
(by property D)



2) if E is a trivial bundle then

W
,
I E) = O ti > 0

(this follows from obstruction

definition , but also from 1) since

it E→M trivial
,
then let f- :M→ {xD

and we hove E = f-
*

{ ✗
◦
✗ IN}

so Wi (E) = f-
☒

Wi (✗◦ ✗ Rn) = 0 -4>0 )

3) if Éis trivial and E is
any

bundle then

W£E⊕E
'

) = W; (E)

Recall Whitney proved thatany n -manifold embeds in
IR
"
and irismerges in IR

""

Th ☐6 :

If IRP
"
can be immersed in IR

"?
then h must be at least Zr- l

so Whitney's th ʰ can't be improved for all manifolds !

note : If f :M
"

→ IRK is an embedding , then

we have the normal bundle VCMI to find

Vim = {vc-txkhlrt.IM , ✗ c-
M}

and T M ⊕ VCM) = -11124m = M ✗ IRK
↑
trivial bundle

exercise : show VIM) well-defined if f- just



an immersion and still have

TM⑦ UCM) = f
* TIRK = MXIRK

so to prove theorem we first study the S
-W classes

of E and E ' S.t. E①E ' = trivial bundle

so W(E) u w(E ' ) = w( trivial) = 1

•

°

. WC E) = (WIE))
"

= ( I +41E) + Wz (E)t . . .) )
"

4-1×5
'

= 1-✗+F-. _ .

= ( I - (w
,
(E)+Wz (E)+. . . ) + (w, (E)+wzcE)t.DZ

- (w
,
(E) + we/E) +. ..}- . . . )

= I - W
,
(E) + (W, 4E) - wz (E))
⇒ ¥

+

t=⇔⇒+ _ _ .

So w
,
/E) = - w, (E)

We (E) = Wi
-(E) - WWE )

Wz (E) =
- w
,

}/E)+2W,
(E)ow

,
(E) - Wz (E)

:

example : S
"

CIR
" "

v15) = 5 ✗ IR

so w (Tsn) =@ (vcs ")))
- '

= 1

ne
.

W
,
( Tsn) = O f i > 0 we knew for i-th since



H
" (5) = 0 2=10,n

so can't distinguish TS
" from

S
"
✗ IR
"

using S-W classes

(but note
, e.g.
-15 not trivial since

it has no nonzero section)

recall HICIRP ? %) ≤{2% ◦≤ i≤ a

0

in fact H* (IRP
"

; %) =
# [ay

4^+1=0>
↑
polynomials in' a w/weft
in Zfc and aʰ=0 for k > n

lemma 7 :

WCTIRP ") = (Ita)
" "

= It (E) at (E)a 't ._ +(F)an

in H*(IRP"; EG )

examples : WITIRP 2)= It a + a2

WCTIRP 3)= I (1+49+692+42)

WLTIRP 4) = Ita ta
"

Gr8 :

✓ ( TIRP
") = I ⇔ net is a power of 2

so if ntl not a power of 2 then TIRP
"

is not trivial

Proof :

recall modulo 2 (at b)
2

= a 2+62

•

•

.
( Ita )
"
= /+ air



so if @ +1) = 2
"
then

w/TIRP 7=4+ a)
""
= It a

" "
= 1

if ntl = Em with m odd m > 1
,
then

WCTIRP
"

) = (Ita) " " + a)
"

)
"

= (It a")m = /+ ma
"+1m¥a

2-%
. . .

✗ mod 2
=\ 1

to see last equality recall (F) is given by Pascals
triangle

\

'

l I

'

l

I 2 1

,
's ! ! £ ,

mod 2 is ,

'

,

°

,

'

,

I 4 6 4 \
I O O O I

I 1 0 0 I 0

'

: :
ETH

Remark : only IRP
'

,
IRP? IRP

>

are trivial

Proof of -14^-6 given lemma 7:

if n is a power of 2 then as above (F) is

I 0
.
- - - 0 I

so @¥) is 1 I 0 . -- 01 I

i. W ( TMP
"

) = ( it a)
""

= I + a tan

one may easily check



@ (TIRP
"

) )
"

= It a tart
. .
.
+an - '

thus if there is an immersion of IRP
"
in #+k

then WI v/IRP
"
) ) - Ita + . -- ta

"- '

so dim of fibers of IRP
"

is at least 2^-1

but this is k EA

we are left to prove lemma 7

for this recall

8n= { Kir c- IRP
"

✗ IR
"'

: rel}

so Tnt = { v c- {×} ✗ IR
"" l notch )× for ✗ c- IRP

"

}

now w (Rt ) = (WIND
"
= (Ita)

"

= (Hat . _ . + a
")

lemma 9 :

TRP
"

≈ Hom Cri , Ki)

Proof : recall 1- an involution i : IR""→ IR
""

:X -✗

and IRP
"

= % nicx)

so 9 : 5^-7 IRP
"

is a 2- fold cover with
deck transform i

note : dqx G) = dqxtr)

since text -✗ and di
,
to = -v



✗
•

✓

→

di
×
-0%

-✗

i. tangent vectors to IRP
"

are the same as

pairs { ix. v7 , C-×, -01 } with

X-X-O and X- 0--0

let l = span (x)

the pain above is determined by a linear map
f :L→ Lt

(given r c- Lt= -1×5
"

then f :L→Lt : ✗→v

get same map if you take -red-7×5

and given fi L → Lt let ✗ be a unit
ett in L and r= fix) this gives
a well-defined {ix. v1, C-×. - v7} in -4,*RP

"

)

so clearly RP
"

E HomChief)

exercise : show this works on the level

of bundles too

Hint : Consider local trivializations
.⇐y

Proof of lemma ? : from lemma 9 we see



TIRP
"

= Hom CK
, Rt)

now note Hom Hn
,
ki ) is a line bundle over IRP

"

and o: IRP
"

→ Hom /ruin ) : ✗↳ id :#→(7)
×

is a non zero section

exercise : so Hom Hn
. rn ) = IRP

"

✗ IR

(in general a rank n vector bundle E over

M is trivial⇔ In sections s
, ,

. .
-.sn

SI 5,1×1, . . . , Snlx) spans E-✗ for all ✗EM)

exercise : Hom Court )⊕ Hom CKYn ) E Hom LK ,Ñ⊕K)

i. Hom th int)⊕ E, = Hom CK , 8¥④K )

trivial rank I

§
trivial rank net

bundle bundle

exercise :

1) Hom Ah , E
"" ) E Hom LK

,
{ 1)⊕. . .

⊕ Hanlon
,
E)

2) Hom (K
,

E
' ) I %

Hint : fix a metric on Q

define 4g : rn → Hom /I. E 't

v 1-7 glv, • )

thus TRP
"

= k⊕;¥~mes
and properly 3) in That 5 gives



WCTIRP") = @rn))
""

= ( I + a)
" +'

¥7

Bounding Manifolds tall manifolds connected )

given a closed manifold M of dimension n
and non-negative integers 1

, _ . . in s-f.li. . _+ tin

then Wi!TMI v. . . U wanton) is in HTM; 2-b)

recall from algebraic topology HIM, 2-42=-2-4
let [M] be agenerator (

called fundamental class)

we call W
,,
(Tm)v. . . ✓ In (TM) (Em]) c- Zlz

a Steifel-Whitney number of M

exercise : the Stifel -Whitney numbers of
IRF are 1 and 0

MP3 are 0

IRP
"

are ?

Tha 10 :

← Pontryagin

If M is the boundary of a compact manifold W

then all the Stifel - Whitney numbers are zero

example : so IRÑ does not bound¥ compact

3-manifold (oriented or not) !

and if I is any oriented surface since

-2--2m3 we have all skill-Whitney



numbers are zero

Proof : recall we have a fundamental class

[w] c- Hneicw. M ) and [m] c- HIM )

moreover in 1. E. 5. of pain

Hn+i(Win)% Him)
[ is↳ [n ]

and in cohomology we have
8

HYMI → H
""

/w.ir)

and for a c- H
"

(m) §
Generalize Stokes

Tams
✗ [ h ] = ✗ (21h] ) tch] c- Hm

,
(WM)

now fixing a Riemannian metric on W we see

Ulm ) = Mx IR - c'm

so TW /
m
I TM ⊕ Elm

so w (TW/
m
) = w (Tm)

1.e. I
* (WLTWD = win) i :M→w inclusion

the t.ES. of a pair gives
H "/W ) H

" (m)§#"Hm )



SO for any
W
,
,

. .
. Win S.tw,,u . . .

u yn
C- H

"

(w) we

have
8 ( wa

,

v.
. .

✓win =D

-

'

' we,u . .
.

Uw
,
n
([m]) - w,

,

u
. . . uwnnfd [w])

= Ski
,

u
. . . Uwm) ( [w] ) = 0

so all Steifel - Whitney numbers are 0*7

Fact (Thou ) :

If all Steifd- Whitney numbers ofMare 0
then M is the boundary of some compact
smooth manifold !

given 2 unorientedmanifolds Mi and Mz
we say they are un

oriented cobordant

if 3- a compact manifold W with 7W=MYMz

Corollary of Fact :

Mi and Mz are un oriented cobordanf

⇔

they have the same Steifel-Whitney numbers

Proof of The 5 : recall we only need to check

Item 3) and uniqueness



We start with uniqueness :

recall we have the universal line bundle K

over IRP
"

8n= { Kir c- IRP
"

✗ IR
"'

: rel}

and 8 over IRP
•

I 2=0

note 4) and 2) determine Wi (8)
= { a e = I

0 1 > 1

in the next subsection we will show :

E
if ↓ is a line bundle over M a

M

paracompact space
then 3- a map f- : M→ RPA

such that f-
*

(8) = E

(we will show much more !)

:
.
1) (and 2) , 4)) ⇒ we know W (E) for

anytimebundle !

we can now finish uniqueness by

lemma 11 (splitting Principle)
:

given ÉP there exists a space A and
M

map
f :A → ns.t.
1) f-

*

E is a direct sum of line bundles



2) f-
*
: H

*

(M) → H
*(A) is injection

since w/E) is determined by w(1-
*(E))

and w (1-
*(E)) is determined by D- 4)

we are done with uniqueness !

exercise : 1) show wCE⊕E
') = w(E) u w (E) is

true for line bundles

2) show this + lemma 11 ⇒ 3) in Thʰ5
☒-

Proof of lemma 11 :

induct on the dimension of the fiber of p : E→M

din --1 : nothing to show
dim = 2 : let ME )= projection bundle of E, f : PkE) → M

1-e. in each fiber of E replace IR
' with IRP

'

note : the transition maps Tap : Uan Up → 642,
-B)

act on RP
'

too

so to F- there is an associated IRP
'

-bundle

P/E) = { lines in E-✗ I b-✗ c-M)

so s
'
→ PCE)

↓
M

now consider ¥ E = c-P/E) ✗E : a-let =pleb



let 8
,
= { c- PCE) ✗ E :

Ties =P/E)}
rEe

exercise : this is a line bundle over P(E)

8? = { tear c- 1- *E : rte}

so HE = 2
,
④ It

later we will see (maybe ) H
*

(PIED is a

tree H
*

( M ) -module via 1-
*

(a) u .

f-
*
: 4-

*

(M ) → HTP/E))

is injective

now for n >2 let p : F- → M be an IR
"
- bundle an

f :P/E)→M be RP
" "

- bundle over M

then as above f-
*

E = 8 +0ft

but now by induction I F :A → PIE)

S.t. f-
* 8ᵗ = ④ Kie bundles /by induction

and f- * : HHMI → It
* (A) injective

so ¢0 f)
*

E = ⊕ line bundles

and (f- of )* : H
*

(m) → HTA) injective ☒-

Remark : so we have seen Steitel- Whitney classes can be
used to



1) obstruct k- frames over varios skeleton

↳ say when we can reduce the structuregroup

e.g. w
, IE)= 0 ⇔ structuregroup reduces

from Oln) to San)

3) differentiate bundles

4) obstruct irismasons and embeddings
5) obstruct bounding a compactmfd.

there are many more applications and similarly for
C; / E) and p, - (E)

example :

it Pontryagin numbers not 0 then

1) no orientation reversing diffeomorphism and

2) does not bound an compact oriented mfd

e.g . QP
"

has no or
"
-

reversing ditfeo .

and

does not bound an oriented mfd

note : can prove both these with

intersection pairings leg .

Poincaré duality)

C. Classifying spaces
§
GrassMannion

Recall 6mm = all n -devil subspaces in Rm

we have Gn.mcbn.mu

so Gn = Um On, m


